Abstract. In this contribution, we review the most important physics presented originally in our recent publications [1, 2, 3, 4, 5, 6] . Some new analyses, insights and perspectives are also provided. We showed recently that the symmetry energy Esym(ρ) and its density slope L(ρ) at an arbitrary density ρ can be expressed analytically in terms of the magnitude and momentum dependence of the single-nucleon potentials by using the Hugenholtz-Van Hove (HVH) theorem. These relationships provide new insights about the fundamental physics governing the density dependence of nuclear symmetry energy. Using the isospin and momentum (k) dependent MDI interaction as an example, the contribution of different terms in the single-nucleon potential to the Esym(ρ) and L(ρ) are analyzed in detail at different densities. It is shown that the behavior of Esym(ρ) is mainly determined by the first-order symmetry potential Usym,1(ρ, k) of the single-nucleon potential. The density slope L(ρ) depends not only on the first-order symmetry potential Usym,1(ρ, k) but also the second-order one Usym,2(ρ, k). Both the Usym,1(ρ, k) and Usym,2(ρ, k) at normal density ρ0 are constrained by the isospin and momentum dependent nucleon optical potential extracted from the available nucleon-nucleus scattering data. The Usym,2(ρ, k) especially at high density and momentum affects significantly the L(ρ), but it is theoretically poorly understood and currently there is almost no experimental constraints known.
Introduction
In recent years, extensive experimental and theoretical efforts have been devoted to determining the density dependence of nuclear symmetry energy E sym (ρ), which characterizes the isospin dependent part of the equation of state (EOS) of asymmetric nuclear matter [7, 8, 9] . Starting from a model energy density functional, the symmetry energy E sym (ρ) and its density slope L(ρ) = 3ρ ∂Esym(ρ) ∂ρ can be easily obtained by expanding the EOS of asymmetric nuclear matter as a power series of isospin asymmetry δ = ρn−ρp ρn+ρp : E(ρ, δ) = E 0 (ρ) + E sym (ρ)δ 2 + O(δ 4 ) where E 0 (ρ) is the EOS of symmetric nuclear matter and E sym (ρ) is the so-called symmetry energy. Although much information about the EOS of symmetric nuclear matter E 0 (ρ) has been accumulated over the past several decades, our knowledge about the E sym (ρ) is unfortunately still very poor. However, it has been clearly shown in many references that the symmetry energy and its density slope are critical for understanding not only the structure of rare
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isotopes and the reaction mechanism of heavy-ion reactions, but also many interesting issues in astrophysics [10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21] . Thus, to determine the density dependence of E sym (ρ) has now become a major goal in both nuclear physics and astrophysics. While significant progress has been made recently in constraining the E sym (ρ) especially below and around the normal density, see, e.g., [22, 23, 24, 25, 26] , much more work needs to be done to constrain the E sym (ρ) at high densities [27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41] . The present theoretical predictions on the high density behavior of E sym (ρ) are rather diverse by various nonrelativistic/relativistic mean-field approaches, depending closely on the mean-field/single-nucleon potential used in the model. As an important input for calculations of nuclear structures and simulations of heavy-ion reactions, the singlenucleon potential U n/p (ρ, δ, p) itself can also be obtained by a functional derivative of the energy density ξ = ρE(ρ, δ) with respect to the distribution function [28, 29, 30] . Thus, the single-nucleon potential and the symmetry energy are intrinsically correlated as they can be both obtained from the same energy density functional. In this paper, we will review the direct relationship between the symmetry en-ergy and the single-nucleon potential U n/p (ρ, δ, p) [1, 2, 3, 4, 5, 6] . For studying the symmetry energy and its density slope, the direct relationship between the single-nucleon potential and the symmetry energy without going through the procedure to construct the corresponding energy density functional is obviously advantageous. This is because one can directly extract both the isoscalar and isovector nucleon optical potentials at saturation density from experimental data, such as (p,n) charge exchange reactions and proton/neutron-nucleus scattering. One can then easily calculate the symmetry energy and its density slope at saturation density directly from the optical potentials without having to first construct the energy density functional [1] . Moreover, to find the relationship between the symmetry energy and the isoscalar and isovector singlenucleon potentials is actually a major goal of the current efforts in developing nuclear energy density functionals [42] . It is also mentioned that, within relativistic covariant formulism, the Lorentz covariant nucleon self-energy decomposition of the nuclear symmetry energy has also been obtained recently [43] .
In this paper, we shall firstly recall the general relationship between the symmetry energy and the singlenucleon potential in isospin asymmetric matter derived earlier in Refs. [1, 2, 5] using the Hugenholtz-Van Hove theorem [44] . The analytical expressions of the symmetry energy E sym (ρ) and its density slope L(ρ) are very helpful in gaining deeper insights into the microscopic origins of E sym (ρ) and L(ρ). Using the isospin and momentum dependent MDI interaction as an example [28, 29, 30] , the contributions of different terms in the single-nucleon potential (MDI) to the E sym (ρ) and L(ρ) are analyzed in details for different densities. The outline of this paper is as follows. In Section 2, the relationship between the symmetry energy and the single-nucleon potential is derived by using the Hugenholtz-Van Hove theorem. In Section 3, the isoscalar and isovector potentials of the isospin and momentum dependent MDI interaction are introduced in details. The first-order and second-order symmetry potentials of the MDI interaction are also compared with those from several microscopic approaches in Section 3. The optical model analysis of the single-nucleon potential and the corresponding symmetry energy and its density slope are presented in Section 4. Finally a brief summary is given in Section 5.
2 Relationship between the symmetry energy and the single-nucleon potential based on the Hugenholtz-Van Hove theorem
In 1958, Hugenholtz and Van Hove proposed a famous theorem on the single particle energy in a Fermi gas with interaction at absolute zero in temperature [44] . In the following, we recall the Hugenholtz-Van Hove theorem and its application in deriving the relation between the nuclear symmetry energy and the single-nucleon potential. The HVH theorem describes a fundamental relation among the Fermi energy E F , the average energy per particle E and the pressure of the system P at zero temperature. For a one-component system, in terms of the energy density ξ = ρE, the general HVH theorem can be written as [44, 45] 
For a special system with zero pressure the Fermi energy E F is equal to the average energy per particle E of the system.
It is stressed that the general HVH theorem of Eq. (1) is valid at arbitrary density as long as the temperature T remains zero [44, 45] . It does not depend on the precise nature of the interaction. In fact, a successful theory of nuclear matter is required not only to describe properly the saturation properties of nuclear matter but also to fulfill the HVH theorem at any density. For instance, in the original paper of the HVH theorem [44] , Hugenholtz and Van Hove used their theorem to test the internal consistency of the nuclear matter theory of Brueckner. They found the large discrepancy between the values of E F and E in the Brueckner's theory at equilibrium and pointed out that Brueckner neglected important cluster terms contributing to the single particle energy [44] . According to the HVH theorem, the Fermi energies of neutrons and protons in isospin asymmetric nuclear matter are, respectively [2, 3, 4, 44, 45, 46, 47, 48, 49] ,
where t(k) = k 2 /2m is the kinetic energy and U n/p is the neutron/proton single-nucleon potential. The Fermi momenta of neutrons and protons are k
1/3 , respectively. Subtracting Eq.(4) from Eq. (3) gives [46, 47, 48, 49] [t(k
The single-nucleon potentials can be expanded as a power series of isospin asymmetry δ while respecting the charge symmetry of nuclear interactions under the exchange of protons and neutrons,
where τ =1 (−1) for neutrons (protons). If one neglects the higher-order terms (δ 2 , δ 3 ,...), Eq.(6) reduces to the so-called Lane potential [50] . Expanding both the kinetic and potential energies around the Fermi momentum k F , the left side of Eq. (5) can be further written as
where the function
For the right side of Eq. (5), expanding in powers of δ gives
Comparing the coefficient of each δ i term in Eq. (7) with that in Eq. (8) then gives the symmetry energy of any order. For instance, we derived the most important quadratic term
By adding Eq.(3) and Eq.(4), the following equation is obtained
The right side of Eq. (10) can be further written as
. (11) Expanding again both the kinetic and potential energies in the left side of Eq.(10) around k F and comparing the corresponding coefficients of two sides in Eq. (10), we obtained the exact analytical equation of the density slope L(ρ)
Similar to the HVH theorem, the analytical expressions in Eq. (9) and Eq.(12) are valid at any density. The values of both E sym (ρ) and L(ρ) can be easily calculated simultaneously once the single-nucleon potential is known. The most critical advantage of the expressions in Eq. (9) and Eq. (12) is that they allow us to determine the E sym (ρ) and L(ρ) directly from the value and momentum dependence of the single-nucleon potential at ρ. Essentially, this enables one to translate the task of determining the density dependence of the symmetry energy into a problem of finding the momentum dependence of the U 0 (ρ, k), U sym,1 (ρ, k), and U sym,2 (ρ, k).
3 The isoscalar and isovector potentials of the Momentum-Dependent-Interaction (MDI)
Several famous single-nucleon potentials have been widely applied in the transport model simulations for heavy-ion reactions. Usually, these single-nucleon potentials are derived from their corresponding energy density functional that has been carefully adjusted to properties of nuclear matter. To show in details the contribution of each term in Eq. (9) and Eq. (12) to the symmetry energy and its density slope, we use the widely-used Momentum-DependentInteraction (MDI) as an example [28, 29, 30] , which is derived from the Hartree-Fock approximation using a modified Gogny effective interaction [51]
where τ = 1(−1) for neutrons (protons) and τ = τ ′ ; σ = 4/3 is the density-dependence parameter; f τ (r, p) is the phase space distribution function at coordinate r and momentum p = k. The parameters B, C τ,τ , C τ,τ ′ and Λ are fitted to the nuclear matter saturation properties [28, 29, 30] . The parameters B and σ in the MDI singlenucleon potential are related to the t 0 and α in the Gogny effective interaction via t 0 = and σ = α + 1 [51] . The parameter x has been introduced to vary the density dependence of the symmetry energy while keep the properties of symmetric nuclear matter unchanged [22, 23] and it is related to the spin (isospin)-dependence parameter x 0 via x = (1 + 2x 0 )/3 [3] . The momentum dependence of the symmetry potential stems from the different strength parameters C τ,τ ′ and C τ,τ for a nucleon of isospin τ interacting with unlike and like nucleons. More specifically, C unlike = −103.4 MeV while C like = −11. −120.57 + x 2B σ+1 are parameters. By expanding the singlenucleon potential in δ, the isospin independent isoscalar potential U 0 (ρ, p) of the MDI interaction is given by
The first order symmetry potential of the MDI interaction
The second order symmetry potential of the MDI interaction U sym,2 (ρ, p) is
The analytical forms of higher order symmetry potentials (U sym,3 (ρ, p)...) are not given because only the first order and second order symmetry potentials (U sym,1 (ρ, p) and U sym,2 (ρ, p) ) are involved in determining the symmetry energy E sym (ρ) and its density slope L(ρ).
Before we give the detailed results, it is interesting to compare both the isoscalar and isovector potentials of the MDI interaction with different x parameters. We show three typical cases of the MDI interaction with x = −1, 0, and 1, respectively. The parameter x is very important because it determines the ratio of contributions of the density-dependent term in the MDI interaction to the total energy in the isospin singlet channel and triplet channel. For example, x=1 (x=-1) means that the densitydependent term contributes mostly to the T=0 (T=1) channel [3] . Thus, by varying x from -1 to 1, the MDI interaction covers a large range of uncertainties coming from the spin(isospin)-dependence of the in-medium many-body forces [3, 51] . The parameter x does not affect the EOS of symmetric nuclear matter because the x related contributions from T=0 and T=1 channels can be cancelled out exactly [3] . In Fig.1 , the momentum dependence of the U 0 (ρ, p), U sym,1 (ρ, p), and U sym,2 (ρ, p) is plotted at densities 0.5ρ 0 , ρ 0 , and 2ρ 0 , respectively. It is clearly seen in Fig.1 that the isoscalar potential U 0 (ρ, p) is increasing with the increasing momentum p while the U sym,1 (ρ, p) and U sym,2 (ρ, p) are all decreasing with the increasing momentum p. The U 0 (ρ, p) does not depend on the parameter x while both the U sym,1 (ρ, p) and U sym,2 (ρ, p) depend closely on the choice of parameter x. It is seen from Fig.1 that the first order symmetry potential U sym,1 (ρ, p) varies significantly with different values of x. The only exception is the U sym,1 (ρ, p) at the saturation density ρ 0 , which is independent of the choice of parameter x. This is not surprising because the symmetry energy E sym (ρ 0 ) = 1 6
) is fixed to be 30.55 MeV with any value of x at ρ 0 in the MDI interaction. Unlike the U sym,1 (ρ, p), the second order symmetry potential U sym,2 (ρ, p) is x-parameter dependent at all densities. Similar to the behavior of the U sym,1 (ρ, p) , the U sym,2 (ρ, p) is also decreasing with the increasing momentum p in Fig.1 . More importantly, it is found that the magnitude of U sym,2 (ρ, p) becomes comparable to that of U sym,1 (ρ, p) at high momentum (p ≥ 500 MeV/c) or large density (ρ = 2ρ 0 ). Although the U sym,2 term does not contribute to the symmetry energy E sym (ρ 0 ), however, its contribution to the slope parameter L(ρ) is as large as 3U sym,2 (ρ, k F ) (see Eq. (12)). Thus the U sym,2 term can not be neglected if its magnitude is comparable to that of U sym,1 .
In Fig.1 , the U 0 (ρ, p), U sym,1 (ρ, p) and U sym,2 (ρ, p) have already shown a strong dependence on the density ρ. To show this density-dependence more clearly, we plot in Fig.2 the variation of both isoscalar and isovector potentials with the increasing density at the Fermi momentum (p = p f ). As pointed out in Ref. [4, 28, 29, 30] , it is the U sym,1 (ρ, p f ) in Fig.2 responsible for the rather divergent density dependence of the symmetry energy E sym (ρ). For instance, with x = 1 the U sym,1 term decreases very quickly with increasing density and thus results in a supersoft symmetry energy at supra saturation densities. On the contrary, the symmetry energy E sym (ρ) at supra saturation densities is very stiff for both x = 0 and x = −1 as the contribution of the U sym,1 term becomes very positive with smaller values of x. The U sym,2 (ρ, p) term does not contribute to the E sym (ρ) but do contribute to the density slope L(ρ). One can see that the U sym,2 is actually the most uncertain part and increases/decreases very fast with the density when the x parameter equals to -1/1. Thus the magnitude of L(ρ) is expected to vary significantly with the x-parameter because of the U sym,2 term contribution.
By using the analytical formulas of Eq. (9) and Eq.(12), the contribution of each term in the single-nucleon poten- tial to the E sym (ρ) and L(ρ) can be explicitly given. In Table 1 and Table 2 , we list the contributions from the kinetic energy, U 0 , U sym,1 and U sym,2 to the E sym (ρ) and L(ρ) at three different densities, respectively. As shown in the Tables 1 and 2 , the kinetic energy and the U 0 term contributions to the E sym (ρ) and L(ρ) are the same with different values of x, which increase smoothly with the increasing density. But the U sym,1 term contribution varies largely with the choice of x-parameter at abnormal densities, which is clearly the key term in determining the density dependence of the E sym (ρ) (see Table 1 ). For the slope parameter L(ρ), the U sym,2 term becomes as important as the U sym,1 term and contributes a large amount to the L(ρ) (see Table 2 ). Unlike the kinetic energy and the U 0 term, the contribution of the U sym,1 and U sym,2 could be either positive or negative depending on the choice of the x-parameter. In Fig. 3 , the first order symmetry potential U sym,1 of the MDI interaction is compared with those from several microscopic approaches, which include the relativistic impulse approximation (RIA) [36, 52, 53, 54] , the relativistic Dirac-Brueckner-Hartree-Fock (DBHF) theory [55] , and the non-relativistic Brueckner-Hartree-Fock (BHF) theory with/without the 3-body force (TBF) rearrangement contribution [56] . For these microscopic results, it is seen that they are consistent with each other below and around ρ 0 . However, there are still larger uncertainties at higher density of ρ = 2ρ 0 . It is interesting to see that the momentum dependence of the U sym,1 (ρ, k) from the MDI interaction with x = 0 agrees well with the results from the microscopic approaches. As mentioned above, the momentum dependence of the U sym,1 (ρ, k) at ρ 0 is the same for x = −1, 0, and 1 because U sym,1 (ρ, k) is independent of the x parameter at saturation density ρ 0 . In Fig. 4 , the second-order symmetry potential U sym,2 of the MDI interaction is compared with that from the Gogny HartreeFock approach. From Fig. 4 , it is interesting to see that all these interactions firstly decrease with the momentum and then saturate when the momentum becomes larger than about 500 MeV/c. Especially the results of the MDI 4 The optical model analysis of the single-nucleon potential and the corresponding symmetry energy and its density slope
The reliable information about the momeumtum/density dependence of single-nucleon potential (U 0 , U sym,1 and U sym,2 ) in asymmetric nuclear matter is essential to determine both the symmetry energy and its density slope. Note that the momeumtum/density dependence of the isoscalar potential U 0 around ρ 0 has been extensively investigated and relatively well constrained [57, 58] , although there is some uncertainties at high momeumtum/density. At the saturation density, the information on U 0 can be obtained from the energy dependence of the Global Optical Potential (GOP). Significant progress has been made in developing the unified GOP for both nuclear structure and reaction studies over the last several decades [59, 60, 61] . The GOP at negative energies can be constrained by single-nucleon energies of bound states while at positive energies it is constrained by nuclear reaction data [59, 60, 61] . The widely-used expression of the isoscalar potential is obtained from a large number of analysis of experimental scattering data and microscopic calculations [59] U 0 (ρ 0 , E) = −(50.0 − 0.30E),
which gives an effective mass of m * /m = 0.7 and a correct extrapolation value of U 0 ≃ −54 MeV at saturation density (E=−16 MeV), as required by the HVH theorem. Very recently, a new set of the global isospin dependent neutron-nucleus optical model potential parameters which include the symmetry potential up to the second order is obtained for the first time using the available experimental data from neutron-nucleus scatterings [6] . Shown in Fig. 5 is the energy dependence of the single-nucleon isoscalar potential U 0 obtained in Ref. [6] . For comparison, the results of the Schrödinger equivalent potential obtained by Hama et al [62] from the nucleon-nucleus scattering data are also shown. It is seen clearly that the isoscalar potential in Ref. [6] is in good agreement with that from the Hama's results.
The first order symmetry potential U sym,1 can also be deduced from the optical potential [59, 60] using a) elastic scattering of a neutron and a proton from the same target; b) proton scattering with the same beam energy on an isotopic chain; c) (p, n) charge exchange reaction between isobaric analog states. Since the 1960s, there are several sets of GOPs deduced from phenomenological model analyses of the available experimental data [63, 64, 65, 66, 67, 68, 69, 70, 71, 72] . While some of the analyses assumed an energy independent symmetry potential, see, e.g., [59,69, 
70,71
,72], a significant number of studies considered the energy dependence [63, 64, 65, 66, 67, 68] . In these analyses the symmetry potentials are usually described by using a linear form U sym,1 (ρ 0 , E) = a sym − b sym E. Assuming that these various global energy dependent symmetry potentials are equally accurate with the same predicting power beyond the original energy ranges in which they were studied, an averaged symmetry potential U sym,1 (ρ 0 , E) = 22.75 − 0.21E (18) was obtained [1] , which represents the best fit to the global symmetry potentials constrained by the experimental data up to date. With this U sym,1 and the isoscalar potential U 0 in Eq. (17) , then the constraints E sym (ρ 0 ) = 31.3 ± 4.5 MeV and L(ρ 0 ) = 52.7 ± 22.5 MeV were obtained simultaneously by neglecting the contribution of the second order symmetry potential to L(ρ 0 ) [1] . In contrast to the first order symmetry potential U sym,1 , there is very few empirical/experimental information on the second order symmetry potential U sym,2 [5, 6] . In the usual optical model analyses, only the Lane potential U sym,1 has been considered. It is thus of great importance to extract experimental information about the U sym,2 and examine its effects on the density slope of the symmetry energy. Here we show the information on both the U sym,1 and U sym,2 from the very recent optical model analysis of available experimental data [6] . Shown in Fig. 6 is the momentum dependence of both the U sym,1 and U sym,2 from the optical model studies. It is seen that the U sym,1 decreases with momentum p and becomes negative when the momentum is larger than about p = 470 MeV/c (i.e., E = 90 MeV). On the contrary, it is interesting to see that the U sym,2 increases with the nucleon momentum p. It is also seen that the U sym,2 essentially vanishes around E = −16 MeV, as shown in Fig. 6 . Thus the contribution of the U sym,2 term is very small to the density slope L(ρ) at ρ 0 , though with a large uncertainty [6] , verifying the assumption made in Ref. [1] . The new optical model analysis leads to a value of E sym (ρ 0 ) = 37.24 ± 2.26 MeV and L(ρ 0 ) = 44.98 ± 22.31 MeV, consistent with the results obtained from analyzing many other observables within various models.
Summary
In summary, the general relationship between the symmetry energy and the single-nucleon potential in isospin-asymmetric matter was derived by using the HugenholtzVan Hove theorem. Both the symmetry energy E sym (ρ) and its density slope L(ρ) can be expressed explicitly in terms of the magnitude and momentum dependence of the nucleon isoscalar and isovector potential in asymmetric nuclear matter. These analytical formulas are useful for extracting reliable information about the EOS of neutronrich nuclear matter from experimental data. Using the isospin and momentum dependent MDI interaction model as an example, the contributions of different terms in the single-nucleon potential (MDI) to the E sym (ρ) and L(ρ) are analyzed in detail for different densities. The firstorder symmetry potential is found to be responsible for the uncertain high density behavior of the E sym (ρ) while the density slope L(ρ) depend on both the first-order and second-order symmetry potentials. By using the derived analytical formulas and the single-nucleon potentials from the optical model analysis, both the symmetry energy E sym (ρ) and its density slope L(ρ) at the saturation density ρ 0 were extracted. To further constrain the L(ρ) at high densities, more reliable information about the secondorder symmetry potential U sym,2 is useful.
